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We present a multiagent model illustrating the emergence of two different quantum statistics, Bose-Einstein
and Fermi-Dirac, in a friendly population of individuals with the right-brain dominance and in a competitive
population of individuals with the left-brain hemisphere dominance, correspondingly. Doing so, we adduce the
arguments that Lefebvre’s “algebra of conscience” can be used in a natural way to describe decision-making
strategies of agents simulating people with different brain dominance. One can suggest that the emergence of
the two principal statistical distributions is able to illustrate different types of society organization and also to
be used in order to simulate market phenomena and psychic disorders, when a switching of hemisphere
dominance is involved.
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I. INTRODUCTION

A study of social and economical processes can be based
on use of themultiagent modelsf1g. In such models each
agent must imitate a human being who has to survive in the
environment using proper decision-making strategies and in-
teracting with other agents. Many of these models use neural
networks for an agent to be representedf2g. However, to
describe market phenomena, one should make such agents be
rather different: a homogeneous agent population does not
simulate a market behavior plausibly. As a result, heteroge-
neity is often artificially included in an agent population.
However, this procedure is often far-fetched and in reality
has no relation to the data of a real brain functioning and to
human cognitive abilities. In short, the neural network mod-
els are too primitive to represent the brain functioning, and it
is necessary to search the agent’s model of a higher level.

Here we present a multiagent model which in a natural
way includes the diversity of the decision-making strategies
by the agents. The diversity is caused by the dominance of
the different human brain hemispheres. This model has some
predecessors.

The first one is connected to remarkable insight into mar-
ket phenomena described by Williamsf3g: market losers
s90% of the participantsd appear to be the persons with a
strong dominance of the left brain hemisphere. These per-
sons are governed by fear and aviditysthe feelings consid-
ered, e.g., by Petersf4g to be necessary ingredients of the
market economyd, and they obviously use their logical and
mathematical capabilitiessattached to their left brain hemi-
sphered for the decision making. These left brainers can be
described with a specific model of the world, as they con-
sider it as a vertical hierarchical structure with a permanent
competition, occasional slumps, and difficult climbs to upper
levels of the social hierarchy. On the other hand, market
winners seem to be more right-brain hemispheric. These
right brainers do not feel any fear, rely upon their intuition,
and consider the environment to be a friendly place for co-
operation and forming horizontal relations. A natural ques-
tion we want to discuss below is as follows: can we simulate
this difference in the world picture inherent to people with

different brain dominance using simple mathematical mod-
els? We suggest that it will be natural for this purpose to use
a multiagent model in which one can simulate the left- and
right-dominant agents. But how can these two types of the
agents be described?

Here, the second predecessor can be useful. In thealgebra
of consciencedeveloped by Lefebvref5g, the possibility of
the real existence of two types of ethical systems only is
reasoned. We suppose that this dichotomy can arise due both
to the brain asymmetry and to left or right brain dominance.

We will also demonstrate that Lefebvre’s elegant formal-
ism can be naturally used to develop a model of agents with
left- and right-brain dominance. Moreover, we will also ad-
duce arguments that two reasonable decision-making strate-
gies only arise in populations in which agents try to preserve
their physicalandmentalresources. Obviously, the most in-
teresting feature of the model is the one that societies of pure
left- and right-brain dominance agents, with competitive and
friendly relations correspondingly, are described using the
famous quantum distributions: the Fermi-Dirac and Bose-
Einstein ones. We propose that this fact is in accordance with
our goal: to simulate the existence or nonexistence of the
hierarchysverticalityd in the society and in the world picture
of the people with the different brain dominance.

We will not be surprised that such famous distributions
arise in our classic multiagent model. There are different
systems, both quantum and classic, the state of equilibrium
of which is described with quantum statistical distributions.

For example, Evans has found the Bose-Einstein conden-
sation sBECd while solving the heterogeneous transport
problem sparticle hoppingd f6g. Bianconi and Barabasif7g
demonstrated that the Bose-Einstein statistics describes the
growing Internetsthis network grows constantly by means of
adding and removing new sites and linksd. Staliunasf8g ad-
duced arguments that the BEC can arise in classic systems
far from thermal equilibrium due to the system coherent dy-
namics or due to the equivalent autocatalytic dynamics in a
system momentum space. An essential condition for the
Bose-Einstein distribution to appear in this case is the fact
that random particle migration through momentum space is
dependent on the state occupation degree within this space.
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This is a typical situation for many nonlinear systems. There-
fore the quantum nature of the system is not an essential
ingredient for the BEC. In addition, Bianconi has found re-
cently that a growing Cayley tree with a different number of
nodes and with a thermal noise is described by the Fermi-
Dirac statisticsf9g. Earlier, Derrida and Lebowitzf10g found
both the Fermi-Dirac, and Bose-Einstein distributions when
studying fully asymmetric exclusion processes at a ring con-
taining N sites andp particles. We will demonstrate that
quantum statistical distributions also describe populations of
the agents living in the cellular world model, which is intro-
duced in the next section.

II. CELLULAR WORLD MODEL

Let us suppose that theworld consists ofn cellswhich in
general can contain an arbitrary number ofagents, xsad ,a
=1, . . . ,N.

Every agent has two kinds ofresources: physical and
mentalones, which are characterized by real valuespsadù0
andmsadù0.

The agentxsad=hpsad ,msadj dies if any of its resources
takes zero value. So, to survive, any agent should maintain
its physical and mental resources to be positive at any time
tù0:psadstdù0 andmsadstdù0.

Preventingboth resourcesfrom vanishing is, in general,a
contradictory problem.

Let us suppose that every agent should use some physical
resourcegDtsg.0d for the time intervalDt to hold its physi-
cal structure. This process is accompanied byan uncondi-
tioneddecrease of the agent’s physical resource.

Fortunately, each agent canconsumesome amount of the
physical resourcesfoodd, hDt sh.0d, which appears at ran-
dom in the world cells. Doing so, the agent has to change the
cell, if this food appears in another cellsit has to go to the
latter celld. If the food appears in the agent’s cell, this agent
can consume it without changing the cell.

We suggest that the same portion of the physical resource
sfoodd appears in different cells with a different frequencyf i,
i =1, . . . ,n, reflecting the attractiveness of the given cell for
the agent.

Suppose now that if an agentchanges its cellto consume
the food,its mental resource decreases by one. We interpret
this situation as if the agent consumes its mentality to solve
a problem of physical survival. We also suggest that the
agent cannot increase or compensate its mental resource by
no means. Surely, if the food appears in the agent’s cell, it
can consume it without changing its mental resource.1

We interpret an appearance of food in the cell being free
of a specific agent as theenvironment proposal to change the
agent’s mentalityor which is the same as to pay a unit of
mental resource for the food.

Let the Boolean variablea denote this proposal, anda
=0 if the environment offers to change the cell.

The appearance of the unit of physical resource in the cell
occupied by given agent can be considered as a proposal for
the agentto preserve its mentalityand to consume the food
for free.

Let a=1, if the environment offers the agent to keep its
cell.

Let us suppose that every agent can accept or reject such
a proposal and that its decision is a Boolean function ofa:
csad. Let csad=0 mean that the agent decides to change its
cell and to occupy another one expending its mental resource
but consuming the food whichsunfortunatelyd is in the other
cell. Similarly, csad=1 means that the agent decides to stay
in its old cell. The last decision is accompanied by saving its
mental resource and by decreasing its physical resourcesif
a=0d or by increasing of physical resource for free, if the
latter fortunately appears in the same agent’s cellsif a=1d.

A. Interaction-free model

Further we will introduce an interaction between agents,
but first consider an interaction-free model.

Let us demonstrate thattwo different strategiesfor the
noninteracting agents to survive exist in the cellular world
described above.

We have already suggested that one can describe agent’s
decision by the Boolean function of one variable:

c = csad. s1d

There are four different functions of this kind, and we will
consider all of them.

sid If csad;0, then the agent changes its cell every time,
when the food appears, even if it appears in the cell, where
the agent is already located. This strategy isabsolutely un-
reasonable, because it results in inevitable decrease of the
mental resource down to the fatal zero value—i.e., to the
agent’smental death.

sii d If csad= ā, then the agent always acts against the en-
vironment proposal: it changes its cell if the food appears
just in it, and reserves its cell, if the food appears in another
cell. Obviously, such an agent gradually loses its physical
resource up to it’sphysical death.

One should note that in both the above-mentioned cases, a
new cell, where the agent tries to move while the environ-
ment does not demand such a change, is not specified. So the
agent’s behavior in such cases looks like a random walk, and

1It is necessary to further clarify our concepts of the world cells
and mental surviving. One should not consider the world cells as
the cells of some physical space. They do not have neighbor or far
cells, so no metrics are introduced. Each of the world cells can be
characterized by a set of parameters, such assmusician, southd. In
this case the fact whether the food appears in a Milan orchestra or
in a Barcelona orchestra is not principle for the agent being in this
cell. The agent can change its real geographical position, but will
stay in the same world cell. On the contrary, if the food appears in
a Stockholm orchestra, the agent should change its cell, because the

cell with the food is nowsmusician, northd. It will be also necessary
for the agent to change the cell in order to consume the food, if it is
demanded to become a cowboy, or to go to the East. It may appear
that the concept of the world cells is rather subjective. But we
suggest that all the agents have the same conception of the world
cell division, so this cellular structure can be considered as an ob-
jective one.

A. A. EZHOV AND A. YU. KHRENNIKOV PHYSICAL REVIEW E 71, 016138s2005d

016138-2



its dynamics is partlystochastic.
Now let us consider tworeasonable strategies.
sid The first one is described by the Boolean function

csad = 1. s2d

The agent keeps its mental resource regardless of the cell in
which the food appears. As this food can occasionally appear
in the agent’s cell, the latter one has also a chance to survive
physically, if such a lucky event happens frequently enough.

sii d The second reasonable strategy is described by the
function

csad = a. s3d

Using this strategy the agent always follows the proposals of
the environment increasing its physical resource by food
consuming. The agent also has a chance to keep its mental
resource, when the environment does not demand to change
the cell of its location.

We will give some interpretation of the two reasonable
strategies. Doing so, it is convenient to represent the corre-
sponding Boolean functions in exponential form:

cRsad = 1 ; aa, s4d

cLsad = a ; aā, s5d

where

ac = a + c̄ = c → a s6d

is a logical implication. We will name these strategiesright-
brain andleft-brain strategies, correspondingly. We will also
name the agents following these strategiesright (left) brain
agents. One can present some preliminary arguments in fa-
vor of this interpretation. There is some experimental evi-
dence that the right hemisphere is not able to create logical
negations: all logical operations are functions of the left
hemisphere. Thus, a decision making for a right-brain agent
in the casea=0 can be interpreted as follows.

A right-brain agentthinks that follows the environmental
proposal to change the cell and decreases its mental re-
source. This possibility to be lost while changing the world
cell horrifies the agentand it deniesthis environment pro-
posal.

On the other hand, a left-brain agent is able to create a
mental image corresponding to thelogical inversion of the
environment proposal. So its decision making can be de-
scribed as follows.

A left-brain agentthinks that denies the environmental
proposalto consume the food in any cell. This possibility to
slip a chance of increasing its physical resourcehorrifies it,
and it acceptsthe environment proposal.

We will further see that other arguments in favor of this
interpretation of the two reasonable strategies exist.2

B. Right-brain strategy

Let the agent-environment interaction, which consists in
the proposal to an agenth units of the physical resource,
have the characteristic time scalet. Thus, the probability for
the agent not to receive such a proposal decreases ase−t/t.

The dynamics of the population consisting of right-brain
agents only is very simple. These agents do not change their
cells and do not change their mental resources as well. If the
number of agents in the celli is equal toNi, then

Nistd ; Nis0d, s7d

msadstd ; msads0d. s8d

Their physical resource,psadstd, however, changes with
time. Suppose that fort time an agent consumes at an aver-
agegt units of the physical resource. Then,

psadst + Dtd = psadstd − g
Dt

t
+ f ih

Dt

t
, a P Ci , s9d

whereaPCi means that theath agent occupies celli. As-
suming thatDt→0, we obtain

d

dt
psad = −

1

t
sg − hfid, a P Ci . s10d

It follows from Eq. s10d that

psadstd = psads0d −
1

t
sg − hfidt, a P Ci . s11d

Thus, a right-brain agent will survive in those cells for which
hfi ùg. For the cells withhfi ,g, their physical life will
have the duration

Tphys
sad =

tpsads0d
g − hfi

, a P Ci . s12d

Hence the right-brain strategy is absolutely passive, and an
agent’s survival only depends on the parameters of the envi-

2One of such arguments was presented by Rotenberg and Ar-
shavsky. They suggested that “…in its most general form the dif-
ference between the two strategies of thinking is reduced to oppo-
site modes of organizing the contextual connections between

elements of information. ‘Left-hemisphere’ mode of thinking so or-
ganizes any sign materialswhether symbolic or iconicd as to create
a strictly ordered and unambiguously understood context. Its forma-
tion requires an active choice, out of the real and potential connec-
tions between the multiform objects and phenomena of a few defi-
nite connections, which would not create internal contradictionss!d
and would facilitate an ordered analysis…In contrast, the function
of ‘right-hemispheric,’ ‘image’ thinking is a simultaneous capture of
an infinite number of connections and the formation due to this
capture of an integral butambiguous context. In such a context, the
whole is not determined by its components since all specific fea-
tures of the whole are determined only by interconnections between
these parts. On the contrary, any concrete element of such a context
bears a determining stamp of the whole. A new experience is incor-
porated in this holistic picture of the world. Individual facets of
images interact with each other on many semantic planes simulta-
neously. Examples of such contextual connections are the connec-
tions between images in sleep dreams or in work of art. The advan-
tages of this strategy of thinking manifest themselves only when the
information itself is complex, internally contradictory and basically
irreducible to an unambiguous context.”f11g.
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ronment and on the chance to occupy an initially lucky cell.

C. Left-brain strategy: Gibbs distribution

Left-brain agents change their cells to consume the food
offered them. Hence the averaged particle numbers in a cell
skNild becomes a time functionkNistdl. Surely, we have to
use average values, because the food proposal is a random
process. Within the time intervalft ,t+Dtg the averageNi

values will increase due to the arrival of the agents accepting
the proposal to consume the food in theith cell and will
decrease because some agents that initially occupied celli
receive the food proposal in other cells. The balance relation
is as follows:

kNist + Dtdl = kNistdl + o
jÞi

f iSDt

t
DkNjstdl − o

jÞi

f jSDt

t
DkNistdl.

s13d

At the limit Dt→0 we obtain

d

dt
kNistdl = −

1

t
kNistdl +

f iN

t
. s14d

The solution has the form

kNistdl = skNis0dl − f iNde−t/t + Nfi . s15d

It is evident that the distribution of the mean occupation
tends to the distribution of the food proposal frequencies:

lim
t→`

kNistdl = Nfi . s16d

According tof4g, we introduce the cell energy.

ei = − u ln f i , s17d

where the parameteru characterizes thetemperatureof the
environment.

Then the equilibrium distributions16d takes the form of
the Gibbs’ distribution:

lim
t→`

kNistdl = Ne−ei/u. s18d

To obtain the averaged period of the left-brain agents sur-
vival, one should remember that they gradually lose their
mental resource changing their cells.

By definition, the average mental resource for all agent
population is equal to

kmstdl =
1

N
o
i=1

n

o
aPCi

mi
sadstd, s19d

whereCi is a set of the indexes of the agents occuping theith
cell. The average mental resource of theith cell agents is
equal to

kmistdl =
1

kNistdl
o

aPCi

mi
sadstd. s20d

Let us write down the balance relation for the integral
mental resource of theith cell agents, which reflects the out-

flow of the agents with a previous resource value and the
inflow of the agents from other cells with resources reducing
by one:

kNist + Dtdlkmist + Dtdl = kNistdlkmistdl − o
jÞi

f jSDt

t
DkNistdl

3kmistdl + o
jÞi

f iSDt

t
DkNjstdl

3skmistdl − 1d s21d

or

kNist + Dtdlkmist + Dtdl = kNistdlkmistdlS1 −
Dt

t
s1 − f idD

+ o
jÞi

f iSDt

t
DkNjstdlskmistdl − 1d.

s22d

Taking the limitD→0 we obtain

d

dt
kNilkmil = −

1

t
s1 − f idkNilkmil +

f i

t SojÞi

kNjlkmjl − o
jÞi

kNjlD .

s23d

As

o
jÞi

kNjl = N − kNil s24d

and

o
jÞi

kNjlkmjl = kNml − kNilkmil = Nkml − kNilkmil, s25d

after simple algebra, we obtain

d

dt
kNilkmil = −

1

t
kNilkmil +

Nfi
t

skml − 1d +
kNilf i

t
. s26d

Summing Eq.s26d over i =1, . . . ,n and taking into account
that

o
i=1

n

kNilkmil = Nkml, s27d

we receive

d

dt
kml = −

1

Nt
o
i=1

n

s1 − f idkNistdl. s28d

Now, using the explicit form ofkNistdl one can integrate Eq.
s28d:

kmstdl = kms0dl −
t

t
o
i=1

n

f is1 − f id −
1

N
o
i=1

n

fkNis0dl − f iNgs1 − f id

3s1 − e−t/td. s29d

From this expression we can derive a transcendental equa-
tion for the timeTm of the mental survival by setting

kmsTmdl = 0: s30d
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Tm =
tkms0dl

oi=1

n
f is1 − f id

−
t

Noi=1

n
f is1 − f id

3o
i=1

n

fkNis0dl − f iNgs1 − f ids1 − e−Tm/td. s31d

If kms0dl is big enough, we have

Tm >
tkms0dl

oi=1

n
f is1 − f id

. s32d

It follows from Eq. s32d that if the distribution of food pro-
posalsf tends to be concentrated in one cell,f i →dik, then
Tm→`. It means that if the food is offered in a single cell,
then the left-brain agents immediately occupy it and can
keep their mental resource constant forever. One should note
that the total survival will be only guaranteed if the physical
survival will be provided by the food proposals.

III. MENTAL INTERACTION OF AGENTS

We can further develop our model assuming that an agent
can take into account the proposal to another agent before it
makes the decision. One can interpret it as if agenta “inter-
acts mentally” with other agents. We suppose that this inter-
action is a pairwise one, so that each agent can take into
account the situation with only onearbitrary agent, includ-
ing itself. Specifically, we suggest that if food is offered to
agent a, this agent thinks that it is also offered to agent
b—see Fig. 1. In accordance with Lefebvre, we also suggest
that an agent can consider two types of relations with another
agent: friendly and competitive ones.

Now, the decision of agenta depends both on the envi-
ronment proposala to agenta and also on its proposalb to
agentb from the point of view of agenta that the same unit
of the physical resource is offered to agentb. Now an inten-
tion of agenta becomes a function of two variables:

c = csa,bd. s33d

We suggest that the function describing the decision of a
right-brain agent coincides with the one describing the inten-
tion of the person which is attributed by Lefebvre to the
second ethical systemf5g:

cR = aapb, s34d

where *=+ if a right-brain agenta believes that agentb is
its friend and *=· if a believes that agentb is its enemy.

The decisionsintentiond of the left-brain agent will be
determined in accordance with the noninteractive case by
logical negation of the exponent index. Thus,

cL = aa p b. s35d

Here, in accordance with Lefebvre’s definition related to the
agents belonging to thefirst ethical systemswhich is identi-
fied with the left-hemisphere dominance in the presented
modeld, we suppose that *=· if theleft-brain agenta be-
lieves that agentb is its friend and *=+ if it believes that
agentb is its enemy.

One should note that if the intention form of the right-
hemisphere dominance agent in our modelcoincideswith the
intention of the individual belonging to the second ethical
system introduced by Lefebvre, the intention form of the
left-brain agentdiffers from the one belonging to the first
ethical system. This difference is expressed in the logical
negation of the term in the exponents35d.

Let us consider the intentions of the two types of agents
as a function of two variablesa andb.

For the right-brain agenta which considersb as its
friend, we obtain the function values presented in the third
column of Table I. Let us focus on the second row of this
column. One can conclude that the right-brain agent accepts
the environment proposal to consume the food in a new cell
diminishing the mental resourcesas a matter of fact acting as
a left-brain agentd only if the environment does not demand
to do this of its friendswith which agenta interacts men-
tallyd.

In other words, the right-brain agent changes its cell and
moves to another oneswhere the food is offeredd, if its friend
with which agenta interacts mentally is already in this new
cell. Let us name this strategy of the right-brain agent as
moving to a friend.

For the right-brain agent which considers agentb as an
enemy, we obtain the decisions presented in the fourth col-
umn of Table I.

We see that the enemiesdo not influencethe intentions of
the right-brain agent at all. One can conclude that the right-
brain agents in our model only take into account the situa-
tions with their friends.

For the left-brain agent which interacts mentally with a
friend si.e., with a friend from its point of viewd, we obtain
sthe third column of Table IId that friends of a left-brain
agent do not influence its decisions. On the contrary, for the

FIG. 1. Four different cases of food proposals and the respective
environment’s proposals,a and b, to agents a and b,
correspondingly

TABLE I. The decisions of the right brain agent taking into
account the proposal to the friendsthe third columnd and to the
enemysthe fourth columnd.

a b aa+b aa·b

0 0 1 1

0 1 0 1

1 0 1 1

1 1 1 1
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left-brain agent which takes into account the situation with
an enemy, the decisions are presented in the fourth column of
Table II. Again, focusing on the second row of this column,
we conclude that the left-brain agent acts as the right-brain
agent, not following the environment proposal to consume
the food in an other cell, unless the environment demands of
the enemy to change its cellsso that the food is offered just
in the cell which occupies a random enemy, with which
agenta interacts mentallyd. In the other words, a left-brain
agent does not move to a new cell for food if the enemy is
already there. Let us name this strategy of the left-brain
agentnot join an enemy. One can conclude that the left-brain
agents only take into account the situation with their en-
emies.

One should note that the decision of a left-brain agent can
be presented in a simpler form, which does not demand Lefe-
bvre’s use of different operations for describing friendly and
competitive relations in different ethical systems. Using “1”
and “·” for themsas for a right-brain agentd, one can replace
the functionaa·b with an identical functionaa+b and function

aa+b with an identical functionaā·b̄. These new forms can be
easily interpreted as those in which a left-brain agent thinks
that it rejects the environment proposal together with the
agent it interacts mentally.

It is important to note that the described rules of the
agent’s mental interactions can be only confirmed using this
model for a description of real-world phenomena. The main
confirmation of them is that these rules correspond to the
rules developed by Lefebvre for the second ethical system
sevidenced experimentallyf5gd and to the hypothesis that the
left hemisphere only can perform logical operations.

A. Asymmetry of an agent’s self-interaction

We should also consider the situation when an agent in-
teractswith itselfwhile decision making. Recall that, e.g., the
function csa,bd=aa+b describes the situation when right-
brain agenta imaginesa situation of friendly relations with
agentb smentally interacts with itd. If agent a choosesb
=a, it can imagine a situation ofself-interaction. As long as
it is difficult to imagine that an agent is friendly or competi-
tive to itself, it is natural to consider just the agent’sreflexion
as such a self-interaction.

For a right-brain agent one can express this reflexion as

c = aaa
. s36d

This expression means that the right-brain agent thinks itself
to accept the environment proposal. It is evident that for such
a reflexivesself-interactingd agent,

c = a + aa = a + a + ā = a + 1̄ ; a. s37d

Therefore, this agent acts as a left-brain agent. Sothe self-
interaction of a right-brain agent converts it into a left-brain
agent.

Imagine for a moment that it can also imagine itself to be
a left-brain agentsthough it should not be permitted in our
model, where a right-brain agent cannot perform a logical
negationd. Then,

c = aaā
= a + aā = a + ā ; 1. s38d

In this case it really acts as a right-brain agent. On the con-
trary, a reflexive left-brain agent acts as a nonreflexive left-
brain agent regardless of its mental constructionsswhether it
imagines itself as a left-brain agent or a right-brain oned.
Indeed, irrespective of the choice −a or ā, we obtain

c = aāa
= a + ā + ā = a s39d

and also

c = aāā
= a + āā = a + a + ā ; a. s40d

We make a conclusion that an evident asymmetry between
reflexive right-brain agents and left-brain ones exists in our
model. A reflexive right-brain agent acts as a left-brain agent,
but a reflexive left-brain agent remains a left-brain agent.
Below we will demonstrate that this transformation of the
behavior of a reflexive right-brain agent leads to a Bose-
Einstein distribution in the population of friendly right-brain
agents.

B. General case of agent interaction

In the first part of the paper we considered the simplest
cases of populations dynamics for noninteracting agents with
different hemisphere dominance. For mentally interacting
agents, analogous considerationsconcerning, e.g., the agent
survivald is more complicated and we intend to consider this
problem in our further studies. Here we only note that an
agent’s survival depends on the delicate interplay of the
agent cell distribution and food proposal distribution. It also
strongly depends on the specific structure of the interagent
relations sfriendly or competitived. Qualitatively, the more
agents are considered by a given right brainer as friends, the
more its mobility in the cell world and the more chances to
avoid physical death. On the other hand, the more agents are
considered by a given left brainer as enemies, the more prob-
ability to reject food proposals and the more chances to save
its mental resource. In general, for arbitrary interagent rela-
tions, one can study a multiagent system mainly using a
computer simulation and not an analytical approach.

One can see from the following simple examples how
mental interactions complicate the model propertiesssee Fig.
2d. In the first case, two right brainers, which are friendly to
each other, occupy two world cellsse.g., initially one agent
in a celld fsee Fig. 2sadg. If the food is offered in the both
cells, e.g., with equal probability, then behavior of these
agents will be qualitatively similar to a noninteracting left
brainer. So these interacting right brainers can die because of

TABLE II. Decisions of the left-brain agent taking into account
the proposal to the friendsthe third columnd and to the enemysthe
fourth columnd.

a b aa·b aa+b

0 0 0 0

0 1 0 1

1 0 1 1

1 1 1 1
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expiring their mental resources. In a sense their behavior
seems to be unreasonable, because food proposals can give
them in some cases a possibility to survive physically with-
out changing the cell. In the second case we consider two left
brainers. If the agent initially occupying the first cell is in a
competitive relation with the other left brainerfFig. 2sbdg
occupying the second cell and the food is only offered in the
latter cell, then behavior of the first left brainer without self-
interaction will be identical to a right brainer in the
interaction-free model. For example, the agent occupying the
first cell can die due to the lack of thephysical resource.
Note that the influence of the self-interactionsreflexiond
which really gives the agents a minimal mobility decreases
with the increase of the agents number in the population,N.
Despite the complexity of the general model of mentally
interacted agents it is of interest to consider its limiting cases
leading us to the quantum statistics.

C. Right-brain strategy: Bose-Einstein distribution

Let us consider the community of the right hemisphere
dominant agents which are friendly to each other.3 We have
already considered the case of the noninteracting right-brain
agents and showed that they occupy their initial cells at any
time t. The appearance of the interaction permits the right-
brain agent to change its cell ifsid it interacts mentally with
its friend occupying the cell in which the food appearssmov-
ing to a friendd andsii d it interacts mentally with itself—this
reflexive interaction converts its behavior into the left-brain-
like one and permits to change its original cell.

Let us suppose that agenta occupies cellj , but the food is
offered in celli. Let agenta interact mentally with a random
agentsincluding itselfd. The probability that it will choose

the agent occupying just celli is kNil /N, while the probabil-
ity to choose itself is equal to 1/N. So the total probability
for agenta to move to celli is

pj→i = skNil + 1d/N. s41d

It is just the probability for bosons to occupy statei. Hence
its application leads to the Bose-Einstein distribution of the
agents in the cell space.

Indeed, as the probability for the of food to appear in cell
i is f i, then the probability for agenta to occupy a new cell
i within time interval ft ,t+Dtg is proportional tofkNistdl
+1gf i. After normalization it can be written as

pj→i =
fkNistdl + 1gf i

N
. s42d

As follows from thedetailed balance principle, at equi-
librium the rates of exchange between two cellsi and j are
equal to each other,

kNjlskNil + 1df i = kNilskNjl + 1df j , s43d

or, taking into account Eq.s17d,

kNil
kNil + 1

eei/u =
kNjl

kNjl + 1
eei/u. s44d

As the last relation is satisfied for everyi and j , the expres-
sion on the left-hand side is constantem/u, wherem is the
chemical potential. So,

kNil
kNil + 1

eei/u = em/u. s45d

It follows directly from the last equation that

kNiseidl =
1

esei−md/u − 1
. s46d

D. Left-brain strategy: Fermi-Dirac distribution

Now let us consider the community of left-brain agents
which are competitive to each other. According to Williams
f3g, just thecompetitiverelations are typical to left-brain per-
sons. On the other hand, friendly relations, as we mentioned
above, do not influence the decisions of the left-brain agents.
Besides, we have already considered the case of the nonin-
teracting left-brain agents and showed that at equilibrium
they reach Gibbs distribution. The appearance of a mental
interaction permits a left-brain agent to hold its cell if it
interacts mentally with its enemy already occupying the cell
with the foodsno join an enemyd.

Let us suppose that agenta occupies cellj and the food is
offered in celli. Let agenta randomly choose an agentsin-
cluding itselfd for the mental interaction. The probability that
it will choose an agent not occupying celli is sN−kNild /N.
Therefore, the probability for the agenta to move to celli is
also

3We have already noted that this type of relations is typical for the
right-brain agents.

FIG. 2. sad Two friendly self-interacted right brainerssboth
agents consider each other as friendsd living in a two-cell world
expressqualitatively the behavior of noninteracting left brainers if
food is presented in both cells. These agents can die due to lack of
mental resource.sbd The left brainer occupying the first cell having
no food supply can die due to the lack of physical resourcesas
noninteracting right brainersd if it is in competitive relations with
the other left brainer occupying the second cell which has the food
supply. Note that in the last case we exclude the agents self-
interaction, so the agent from the first cell has no chance to go to
the second cell.
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pj→i =
N − kNil

N
. s47d

Note that agenta can choose itself as a partner for the men-
tal interaction. But this cannot change its intention to move
to cell i, because unlike the case of a right-brain agent, the
self-interaction does not change the behavior of the reflexive
left-brain agent.

Again, as the probability of the food appearance in celli
is f i, the probability for agenta to occupy a new celli within
time intervalft ,t+Dtg is equal to

pj→i =
fN − kNistdlgf i

N
. s48d

Using the principle of detailed balance again, we take into
account that at equilibrium the rate of exchange between two
cells i and j is equal to

kNjlsN − kNildf i = kNilsN − kNjldf j s49d

or

kNil
N − kNil

eei/u =
kNjl

N − kNjl
eei/u. s50d

As it was before, seeing that the last relation is satisfied for
every i and j , the expression on the left-hand side is a con-
stantem/u. So,

kNil
N − kNil

eei/u = em/u. s51d

From the last equation it follows that

kNiseidl =
N

esei−md/u + 1
. s52d

So at equilibrium the community of the left-brain agents be-
ing competitive with each other is described by the Fermi-
Dirac distribution. If thermodynamic equilibrium can be re-
alized within the time interval when no agent dies due to
exhausting either physical or mental resources, then the
value of the chemical potentialm can be calculated using
normalization both for the community of the left brainers and
of the previously considered right brainers:

o
i=1

n

kNiseidl = N. s53d

This relation reflects the conservation of the agent number.
For the right-brain agents described by the Bose-Einstein

distribution we obtain a relation from which one can find the
value of the chemical potential:

o
i=1

n
1

esei−md/u − 1
= N. s54d

It is evident that its value is, in general, temperature depen-
dent.

For the left-brain agents obeying Fermi-Dirac statistics,
we similarly obtain

o
i=1

n
1

esei−md/u + 1
= 1. s55d

The principle of detailed balance says that ifkN1l and kN2l
are the average number of states marked with 1 and 2, then at
equilibrium the number of transitions from 1 to 2 must be
equal to those from 2 to 1. This principle is stronger than the
equilibrium condition itself and deeply related to the micro-
scopic reversibility and Onsager reciprocity. It can be used
not only when deriving the Fermi-Dirac distribution forfer-
mionsand the Bose-Einstein distribution forbosons, but also
to receive the intermediate quantum statistical distributions
for anyonsf12g. It is remarkable that the statistical distribu-
tion for anyons can be derived without using the spin-
statistics theorem.

IV. HEMISPHERE SWITCHING AND INTERMEDIATE
QUANTUM STATISTICS

Some further possible applications of this model should
be outlined. It is clear that by approaching the critical re-
gimes when the physical or mental resource expires, an agent
can changeits strategy of survival by changing the dominant
hemisphere.4 Therefore, the hemisphere switching dynamics
can be naturally incorporated in the model. It is well known
that disturbances of hemisphere dominance cycles are con-
sidered by some authors as a source of different mental dis-
orders.

For example, Pettigrew and Millerf13g supposed that a
decrease of the binocular competition rate—this competition
is just connected with the hemisphere dominance
switching—is an indicator of the bipolar disorderf13g.5

Hence, the dynamics of the hemisphere switching can be
used to simulate, e.g., the manic-depressive syndrome hypo-
thetically caused by interactions of agents in a population. It
clears the way for the social conditions to be taken into ac-
count in the progress of mental disorders.

From this point of view it would be interesting to study
the most interesting general case of a population consisting
of the agents with different hemispheric dominance and to
find its equilibrium states. It seems that in this case more
general forms of the quantum statistics would be relevant.

4Note that in Lefebvre’salgebra of consciencea change of agent
relations—from friendly to competitive andvice versa—is consid-
ered as a way to increase itsethical status. At the same time, the
ethical systemof the agent does not change. In our approach it is
more fruitful to consider thestrategy switchingwhile holding the
nature of interagent relations.

5The evidence that interhemispheric switching is connected to the
deep depression and that this disorder can be initiated orreducedby
electric stimulation of a half of the brain is presented inf14g. Re-
cently Dodson considerably reduced manic symptoms of a patient
by pouring cold water into the left earf15g. In general, the left
hemisphere is overactive in the case of mania, compared with the
overactivity of the right hemisphere in the case of depression. Since
thermal vestibular activation is effective for one hemisphere, the
mania could be cured by left thermal activation which would en-
hance the right-side activity and thereby would reduce the mania.
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For example, as was shown by Huangf16g, if a transmuta-
tion of bosons and fermions is allowedsin our case it corre-
sponds exactly to the hemisphere dominance switchingd,
then a system with bosons and fermions has the function of
anyons statistical distribution.

Intermediate statistics types can be found not only in the
systems of quantum quasi-particlesf17g. For example, Bian-
coni presented a case of the nonhomogeneous growingcom-
plex networkwith different features of nodes showing a
mixed quantum statisticsf18g.

One should consider the crucial problem of the transmu-
tation mechanism incorporation, and it seems to be ex-
tremely important, as it allows determining the fractions of
the left- and right- hemisphere-dominant agents in the mul-
tiagent model with hemisphere switching.

One should mention another possible direction of the
model development. Despite the emergence of quantumlike
statistics in the just-presented model, we suppose that the
agents act in the strictly classic way:either as right-
hemisphere-dominant personsor as left-hemisphere-
dominant onesswith the possibility of dominance switchingd.
So every fact of the quantumlike statistical behavior of an
agent population will not imply the quantum nature of the
agents themselves. Nevertheless, it is possible to extend this
classic modelto the quantum domainsupposing that the
agents can be in superposition:

c = burightl + guleftl, s56d

whereb andg are complex amplitudes of the event, when an
agent acts as a right- or a left-brain-dominant person, corre-
spondingly. Such a model can have some relation to theam-
biguous statisticsconsidered by Medvedevf19g. In this type
of statistics all particles have unknown type. This can be due,
e.g., to particle-type oscillations, when particles are bosons
in given period, but then transmute to fermions and vice

versa.6 During pairwise interaction a particle recognizes the
type of the other onesand vice versad and interacts with it
according to its revealing type.

If the probability for the particle to be recognized as a
bosonsfermiond is pb spfd, then these particles will obey the
anyon statistics, which can be derived using a deformed
commutation relation

aiaj
† − qaj

†ai = di j , s57d

whereq=spb−pfd / spb+pfd. Of course, it is important to find
out whether such generalizations of the presented model
havesomenew experimentally checkablefeatures. But this
question is out of the scope of this article.

V. CONCLUSION

We have demonstrated how one can develop the multi-
agent model describing populations of agents with different
brain hemisphere dominance and reasoned that these popu-
lations obey the known famous quantum statistics and poten-
tially are described by intermediate quantum statistics. This
confirms the possibility to use quantum statistics when
studying social and economical phenomena.
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